In this note we consider the shortest expansion as the most natural one, we call it the regular continued fraction expansion of A/B. The regular continued fraction expansion of an irrational number ~ is infinite and unique. We shall denote it by Let be the sequence of corresponding convergents, also denoted by RCF(~).
Hence E RCF(~) means that there exists an integer n, n &#x3E;--1, such that A 1 -1 (1.3) DEFINITION. The appro2zrnation coefficients of a rational number A/B a4th respect to a real irrational number ~, notation 0(~, A/B), is de-
In his "Essai sur la théorie des nombres", [13] , pp. 27-29, Legendre gives a necessary and sufficient condition for a rational number A/B to be a convergent of the irrational number C. This necessary and sufficient condition is expressed, in modern notation, by (2.4) and (2.6) of the next section of this note. Legendre concludes the paragraph on the criterion by remarking that in particular it follows that:
In the theory of continued fractions, (1.4) is often called Legendre's Theorem.
The following implication is almost trivial The constants -1 and 1 are both best possible. For the constant 2 in (1.4) this means that for every e &#x3E; 0 there exist a ~ and an A such that 0(~, ~) 2 + E and -A 0 RCF(~). Similarly for the 1 in ~1.5).
In this note we shall add some refinements to Legendre's reasoning and thus find a more detailed version of (1.4). We shall also show that one can prove in the same way a result announced by Fatou in 1904, as well as the analogues of Legendre's Theorem for two other types of continued fractions.
Legendre's criterion
We shall from now on assume that ~ and A/B are contained in the unit interval, this being no restriction. Hence the ao in (1.1) and the ao(ç) in (1.2) are both zero. Let n E N and (ai, a2,... , an) E Nn . Then we denote the set of irrational numbers C with the property that by Such a set is called a fundamental interval of order n, see [2] p. 42. 
(2.3) Proof
Let the regular expansion of A/B be given by (1.1) and suppose that n is even. Denote by A'/B' the last but one convergent of (1.1). The set of all ~ with ~ &#x3E; A/B, i.e. with 6(ç,AIB) = 1, and with AIB E RCF(ç) is just the fundamental interval. Let ~ A (and n still be even). Then the set of all ~ with A E RCF(C) is the fundamental interval of order n + 1 :
which has length B-1(2B -B')-l. Instead of (2.4) we now have and the assertions follow in this case, using again (2.5), from
The proof for the case where n is odd is almost the same; therefore we omit it here. We see that the constant and from the fact that in the definition of e(~, 9. (t) ) the n is taken from the shortest expansion of ~~ as a continued fraction, it follows that and that After this remark the proof can be given using the same techniques with which (3.2) is proved in [3] . Details are left to the reader. In 1904, P. Fatou stated that if 6(~,A/J5) 1, then A/B is either a convergent or an extreme mediant of ~, [4] . The first one to publish a proof of this was J. H. Grace [5] , see also Koksma [10] and [11] . We will therefore ,refer to this result as the Theorem of Fatou-Grace. Koksma [11] showed that B(~, A/B) 2/3 implies that is either a convergent or a first mediant of ~. We will now prove more detailed versions of these results by the method from section 2. The set of all irrational numbers £ such that A/B is a last mediant of C consists of the union of the two fundamental intervals i.e. the ç's in the first interval of (4.9) are those for which A/B is a first and a last mediant. After these remarks the proof runs almost the same as the proofs of Theorems (2.2) and (4.3) and may therefore be omitted. + The location of the various intervals occurring in this section and in section 2, is depicted, for even n, in the figure below. For odd n, the order is reversed.
Legendre's Theorem for two other types of continued fractions
The above method can be used to obtain similar results for other types of continued fraction expansions. We will illustrate this with two examples:
(1) the continued fractions with odd partial quotients, (2) the nearest integer continued fractions.
(5.1) The continued fraction expansion with odd partial quotients: every irrational number ~ in the unit interval has a unique expansion of the form with (5.3) bn an odd positive integer, s
We will denote the sequence of convergents associated with the expansion (5.2) by OCF(~). A rational number A/B always has a finite expansion with the same conditions as in (5.3 ). If in (5.4) one has bn = 1 -1, then admits two expansions of this type, viz. and otherwise such an expansion of a rational number is unique. We consider the expansion (5.5) as the most natural one since it is obtained when one repeatedly applies the shift operator for this continued fraction, just as in the case of (1.1). For a description of this operator the reader is referred to [14] . It was already known that B(~, A/B) &#x3E; G implies OCF(~), i.e. the analogue of (1.5). We now also have the analogue of (1.4), that is Legendre's Theorem for the continued fractions with odd partial quotients: Therefore it may suffice to indicate the main differences. First note that for the E(AIB) from definition (2.1) one has A where n and el, E2, ~ ~ ~ , are given by the expansion (5.4) and, in case we have the two expansions (5.5) and (5.6), by (5.5 ). This can easily be shown with the techniques II 7. Next, denote by I(A/B) the set of irrational numbers ~ such that A/B E OCF(~). If A/B has the expansion (5.4) with bn &#x3E; 3, the end points of I(A/B) are and from which it follows that and with the end points reversed when e(A/ B) = -1. Here A'/B' denotes the last but one convergent of (5.4 ).
If has the expansion (5.5), then the end points are and from which it follows that with A'/B' the last but one convergent of (5.5) and again with the end points reversed when ~(~4/J3) = 20131. The analogue of (2.5) is which follows from the structure of the two-dimensional ergodic system underlying this continued fraction, see [1] and [14] . The rest of the proof is exactly the same as the corresponding part of the proof of Theorem (2.2). + (5.10) Remark. The constant g2 from Corollary (5.8) corresponds to an irregularity of the distribution function, for almost all ~, of the sequence of approximation coefficients connected with this continued fraction, see [1J, IV, Théorème 1. One could give here results similar to those in section 3.
Recently, the analogue of Legendre's Theorem for the nearest integer continued fraction expansion was found in three different ways, see [7] , [8] and [12] . The constant turns out to be the same as in the case of the continued fraction with odd partial quotients: g2. The method from the previous sections applies to the nearest integer continued fraction as well. The sequence of convergents of this expansion is denoted here by NICF(C). We will state the result without giving the proof, which is very similar to the previous ones. 
